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Abstract
In this paper, we verify Dade’s invariant conjecture for Steinberg’s triality groups 3D4(2n) in the defining
characteristic, i.e., in characteristic 2. Together with the results in [J. An, Dade’s conjecture for Steinberg tri-
ality groups 3D4(q) in non-defining characteristics, Math. Z. 241 (2002) 445–469] and [J. An, F. Himstedt,
S. Huang, Uno’s invariant conjecture for Steinberg’s triality groups in defining characteristic, in prepara-
tion], this completes the proof of Dade’s conjecture for Steinberg’s triality groups. Furthermore, we show
that the Isaacs–Malle–Navarro version of the McKay conjecture holds for 3D4(2n) in the defining charac-
teristic, i.e., 3D4(2n) is good for the prime 2 in the sense of Isaacs, Malle and Navarro.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let G be a finite group and p a prime dividing the order of G. There are several conjectures
connecting the representation theory of G with the representation theory of certain p-local sub-
groups (i.e., the p-subgroups and their normalizers) of G. For example, it seems to be true, that
if P is a Sylow p-subgroup of G, then the number of complex irreducible characters of G of
degree coprime with p equals the same number for the normalizer NG(P ).
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Alperin [1] were generalized by various authors. In [19], Isaacs and Navarro proposed a re-
finement of the McKay conjecture that deals with congruences of character degrees mod p, and
in [18], Isaacs, Malle and Navarro suggested a version of the McKay conjecture that includes
characters of normal subgroups.
In a series of papers [9–11], Dade developed several conjectures expressing the number of
complex irreducible characters with a fixed defect in a given p-block of G in terms of an alter-
nating sum of related values for p-blocks of certain p-local subgroups of G. In [10], Dade proved
that his (projective) conjecture implies the McKay conjecture. Motivated by the Isaacs–Navarro
conjecture, Uno [21] suggested a further refinement of Dade’s conjecture.
In this paper, we show that Dade’s invariant conjecture holds for Steinberg’s simple triality
groups 3D4(2n) in the defining characteristic, i.e., in characteristic 2. Since 3D4(2n) has a trivial
Schur multiplier and a cyclic outer automorphism group, it follows that Dade’s inductive conjec-
ture is also true for 3D4(2n) in this case. Together with the results in [2] and [3], this completes
the proof of Dade’s conjecture for Steinberg’s triality groups. Note that this also finishes the proof
of Uno’s invariant conjecture (see [21]) for Steinberg’s triality groups in defining characteristic.
The methods we use are similar to those in [3]. By a theorem of Borel and Tits [6], the normal-
izers of radical 2-chains of 3D4(2n) are exactly the parabolic subgroups. So we count characters
of these chain normalizers which are fixed by certain outer automorphisms. Our calculations are
based on the character table of 3D4(2n) in the character table library of the Maple [8] part of
CHEVIE [14] and the character tables of the parabolic subgroups of 3D4(2n) which have been
computed in [16] (and which are also implemented as generic CHEVIE character tables).
In [18], Isaacs, Malle and Navarro reduced the McKay conjecture to a question about fi-
nite simple groups. In particular, they showed that every finite group will satisfy the McKay
conjecture if every finite non-abelian simple group is “good.” As an application of our results
on characters fixed by certain outer automorphisms, we prove that Steinberg’s triality groups
3D4(2n) are good for the prime 2.
This paper is organized as follows: In Section 2, we fix notation and state Dade’s invariant con-
jecture in detail. In Section 3, we state and prove some lemmas from elementary number theory
which we use to count fixed points of certain automorphisms of 3D4(2n). In Section 4, we com-
pute the fixed points of the outer automorphisms of 3D4(2n) on the irreducible characters of the
triality groups and their parabolic subgroups. In Section 5, we verify Dade’s invariant conjecture
for 3D4(2n) in the defining characteristic, and in Section 6, we deal with the McKay conjecture
for 3D4(2n) in the defining characteristic. Details on irreducible characters and conjugacy classes
of the triality groups are summarized in tabular form in Appendix A.
2. Dade’s invariant conjecture
Let R be a p-subgroup of a finite group G. Then R is radical if Op(N(R)) = R, where
Op(N(R)) is the largest normal p-subgroup of the normalizer N(R) := NG(R). Denote by
Irr(G) the set of all irreducible ordinary characters of G, and by Blk(G) the set of p-blocks.
If H  G, B˜ ∈ Blk(G), and d is an integer, we denote by Irr(H, B˜, d) the set of charac-
ters χ ∈ Irr(H) satisfying d(χ) = d and b(χ)G = B˜ (in the sense of Brauer), where d(χ) =
logp(|H |p)− logp(χ(1)p) is the p-defect of χ and b(χ) is the block of H containing χ .
Given a p-subgroup chain C: P0 < P1 < · · · < Pn of G, define the length |C| := n, Ck :
P0 <P1 < · · · <Pk and
N(C) = NG(C) := NG(P0)∩NG(P1)∩ · · · ∩NG(Pn).
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(a) P0 = Op(G), and
(b) Pk = Op(N(Ck)) for 1 k  n.
Denote by R=R(G) the set of all radical p-chains of G.
Suppose 1 → G → E → E → 1 is an exact sequence, so that E is an extension of G by E.
Then E acts on R by conjugation. Given C ∈ R and ψ ∈ Irr(NG(C)), let NE(C,ψ) be the
stabilizer of (C,ψ) in E, and
NE(C,ψ) := NE(C,ψ)/NG(C).
For B˜ ∈ Blk(G), an integer d  0 and U E, let k(NG(C), B˜, d,U) be the number of characters
in the set
Irr
(
NG(C), B˜, d,U
) := {ψ ∈ Irr(NG(C), B˜, d) ∣∣NE(C,ψ) = U}.
Dade’s invariant conjecture can be stated as follows:
Dade’s invariant conjecture. (See [11].) If Op(G) = 1 and B˜ ∈ Blk(G) with defect group
D(B˜) = 1, then ∑
C∈R/G
(−1)|C|k(NG(C), B˜, d,U)= 0,
where R/G is a set of representatives for the G-orbits of R.
Let Aut(G) and Out(G) be the automorphism and outer automorphism groups of G, respec-
tively. We may suppose E = Out(G). If moreover, Out(G) is cyclic, then we write
k
(
NG(C), B˜, d, |U |
) := k(NG(C), B˜, d,U).
For G = 3D4(q), Out(G) is cyclic and the Schur multiplier of G is trivial. So the invariant
conjecture for G is equivalent to the inductive conjecture.
3. Notation and lemmas from elementary number theory
From now on, we assume that p = 2, n is a positive integer and q = 2n. We write φi for the
ith cyclotomic polynomial in q , for example: φ1 = q − 1, φ2 = q + 1, φ3 = q2 + q + 1, φ6 =
q2−q+1, φ12 = q4−q2+1. We denote by N = {0,1,2, . . .} the set of natural numbers including
zero. In the next section, we will use the following lemmas, the first of which is folklore:
Lemma 3.1. Suppose m,n ∈ Z with m,n > 0. Then gcd(2m − 1,2n − 1) = |2d − 1| where d :=
gcd(m,n).
Proof. This is a special case of [3, Lemma 3.1]. 
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the following hold.
(i) gcd(2t − 1, q − 1) = 2δt − 1.
(ii) gcd(2t − 1, q + 1) = 1.
(iii) gcd(2t − 1, q3 − 1) = 2t − 1.
(iv) gcd(2t − 1, q3 + 1) = 1.
(v) gcd(2t + 1, q − 1) =
{
2δt + 1 if 2δt | n,
1 if 2δt  n.
(vi) gcd(2t + 1, q + 1) =
{1 if 2δt | n,
2δt + 1 if 2δt  n.
(vii) gcd(2t + 1, q3 − 1) =
{
2t + 1 if 2δt | n,
1 if 2δt  n.
(viii) gcd(2t + 1, q3 + 1) =
{1 if 2δt | n,
2t + 1 if 2δt  n.
Proof. (i) and (iii) are clear by Lemma 3.1.
(ii) Suppose d = gcd(2t − 1, q + 1). Since q + 1 | q3 + 1 and 2t − 1 | q3 − 1 by Lemma 3.1,
it follows that d | gcd(q3 − 1, q3 + 1) = 1.
(iv) is analogous to (ii).
(vi) Suppose 2δt | n. If d | 2t + 1, q + 1, then d | 22t − 1 and so d | 23n − 1 as 2t | 3n. Thus
d | q3 − 1, q3 + 1 and d | (q3 + 1)− (q3 − 1) = 1.
Suppose 2δt  n. Then t, n have “the same 2-part,” i.e., there are k, tu, nu ∈ N with odd tunu
such that t = 2k · tu, n = 2k · nu. Hence 2t + 1 = −((−22k )tu − 1) and q + 1 = −((−22k )nu − 1).
So Lemma 3.1 implies gcd(2t +1, q+1) = gcd((−22k )tu −1, (−22k )nu −1) = |(−22k )δtu −1| =
2δt + 1.
(viii) Suppose 2δt | n. If d | 2t + 1, q3 + 1, then d | 22t − 1 and 22t − 1 | 23n − 1, so that
d | gcd(q3 − 1, q3 + 1) = 1.
Suppose 2δt  n. There are k, tu, nu ∈ N with odd tunu such that t = 2k · tu, n = 2k · nu. By
Lemma 3.1, 2t + 1 = −((−22k )tu − 1) | (−22k )3nu − 1. So 2t + 1 | q3 + 1.
(v) Suppose 2δt | n. There are k, tu, nu ∈ N with 2  tu and 2 | nu such that t = 2k · tu, n =
2k · nu. Hence 2t + 1 = −((−22k )tu − 1) and q − 1 = (−22k )nu − 1. So Lemma 3.1 implies
gcd(2t + 1, q − 1) = gcd((−22k )tu − 1, (−22k )nu − 1) = |(−22k )δtu − 1| = 2δt + 1.
Suppose 2δt  n. If d | 2t + 1, q − 1, then by (viii), d | q3 + 1, q − 1 and so d | gcd(q3 + 1,
q3 − 1) = 1.
(vii) Suppose 2δt | n. Then 2t | 3n and 2t + 1 | 22t − 1. Hence 2t + 1 | 23n − 1 = q3 − 1.
Suppose 2δt  n, then the proof is analogous to (v). 
4. Action of automorphisms on irreducible characters
Let G = 3D4(q) be Steinberg’s simple triality group defined over a finite field with q = 2n
elements. Let O = Out(G) and A = Aut(G). Then O = 〈α〉 and A = G 〈α〉, where α is a field
automorphism of order 3n. We fix a Borel subgroup B and maximal parabolic subgroups P and
Q of G containing B as in [16]. In particular, α stabilizes B , P and Q.
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chain normalizers. Our notation for the parameter sets of the irreducible characters of G, B , P
and Q is similar to the CHEVIE notation and is given in Table A.1 in Appendix A.
The first column of this table defines a name for the parameter set which parameterizes those
characters which are listed in the second column of the table. The characters of G are numbered
according to the character table of 3D4(q) in the CHEVIE library, and for the characters of B ,
P , Q we use the notation from [16]. The list of parameters in the third column of Table A.1 in
Appendix A is of the form
k = 0, . . . , n1 − 1 or k = 0, . . . , n1 − 1,l = 0, . . . , n2 − 1
where the nj ’s are polynomials in q with integer coefficients. In the first case, the parameter k
can be substituted by an element of Z, but two parameters which differ by an element of n1Z
yield the same character. In the second case, the parameter vector (k, l) can be substituted by an
element of Z × Z, but two parameter vectors which differ by an element of n1Z × n2Z yield the
same character. In other words, k can be taken to be an element of Zn1 and (k, l) can be taken to
be an element of Zn1 × Zn2 . The groups Zn1 and Zn1 × Zn2 are also called character parameter
groups (see Section 3.7 of the CHEVIE [14] manual). The next lines of Table A.1 list elements
which have to be excluded from the character parameter group. The remaining parameters are
called admissible in the following. Different values of admissible parameters may give the same
character. The fourth column of Table A.1 defines an equivalence relation on the set of admissible
parameters. If no equivalence relation is listed we mean the identity relation. The parameter set
is defined to be the set of these equivalence classes. Finally, the last column of Table A.1 gives
the cardinality of the parameter set.
We consider the example PI 3. The character parameter group is Zq3−1 ×Zq−1. The parameter
vectors (k, l) and (−k, k + l) yield the same character and the equivalence class of (k, l) is
{(k, l), (−k, k + l)}. Hence, the characters P χ3(k, l) are parameterized by the set
PI3 =
{{
(k, l), (−k, k + l)} ∣∣ (k, l) ∈ Zq3−1 × Zq−1, k = 0}.
If we want to emphasize the dependence of a parameter set, say PI3, from q we write PI3(q).
Table A.1 does not give any detailed information about the parameter sets GI16, GI19, GI25, GI26,
GI27, GI28, GI29, since we will not need an explicit knowledge of these sets (note that GI16, GI19,
GI25, GI26, GI27, GI28, GI29 parameterize the regular semisimple irreducible characters of G).
The data in Table A.1 is taken from the CHEVIE library and the Appendix of [16].
We will also consider the action of O = Out(G) on the regular semisimple conjugacy classes
of G. The parameter sets for these classes are defined analogously to the parameter sets for the
irreducible characters (cf. Section 3.8 of the CHEVIE manual) and are listed in Table A.2 in Ap-
pendix A. The first column of Table A.2 defines a name for the parameter set which parameterizes
those conjugacy classes of G which are listed in the second column of the table. The notation for
these classes is taken from Table A.2 in [16]. The third column of Table A.2 in Appendix A de-
scribes the class parameter groups and the admissible parameters. The fourth column defines an
equivalence relation on the set of admissible parameters, and the parameter set is defined to be the
set of these equivalence classes. Finally, the last column gives the cardinality of the parameter set.
The information about the parameters in Table A.2 (except for the equivalence relations)
is taken from Table A.1 in the Appendix of [16]. The equivalence relations were determined
as follows: Up to conjugacy, G has exactly 7 maximal tori and these are described by sets
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ple conjugacy classes c6(i, j), c8(i), c11(i), c12(i, j), c13(i, j), c14(i), c15(i, j) correspond to
T0, T1, T2, T3, T4, T5, T6, respectively. Let Wj , j = 0,1, . . . ,6, be the Weyl group of Tj (see
p. 42 in [12]). The equivalence classes in Table A.2 in Appendix A correspond to the orbits of
Wj on Tj . Using Table 2.4 in [16], the representatives in Table A.1 in [16] and the information
about the Wj ’s in Table A.3 in [15], one can compute the orbits of Wj on Tj . These computa-
tions were carried out using computer programs, written by the first author, which are based on
the GAP [13] part of CHEVIE.
The action of O = Out(G) on the conjugacy classes of elements of G, B , P and Q induces
an action of O on the sets Irr(G), Irr(B), Irr(P ) and Irr(Q) and then an action on the parameter
sets. Using the values of the irreducible characters of G, B , P and Q on the classes listed in the
last column of Tables A.3–A.8 we can describe the action of O on the parameter sets.
For an O-set I and each subgroup H O let CI (H) denote the set of fixed points of I under
the action of H . In the following proposition we determine |CI (H)| where I runs through all
(disjoint) unions of parameter sets which are listed in Table A.9 except for GI16 ∪ GI19 ∪ GI25 ∪
GI26 ∪GI27 ∪GI28 ∪GI29. This last union of parameter sets parameterizes the regular semisimple
irreducible characters of G and will be treated separately since it requires different methods.
Proposition 4.1. Let t | 3n and I = GI16 ∪ GI19 ∪ GI25 ∪ GI26 ∪ GI27 ∪ GI28 ∪ GI29 be one of the
(disjoint) unions of parameter sets listed in Table A.9. If H = 〈αt 〉 is a subgroup of O , then the
second and third columns of Table A.9 show the number of fixed points |CI (H)| of I under the
action of H .
Proof. We have to consider the following parameter sets I .
First let
I ∈ {GI1,GI2,GI3 ∪ GI4 ∪ GI5 ∪ GI6,GI7,
BI4, BI8 ∪ BI9 ∪ BI10 ∪ BI11, BI16,
PI6, PI9 ∪ PI10 ∪ PI12 ∪ PI13, PI15, PI16,
QI6,QI7,QI8 ∪ QI9 ∪ QI11 ∪ QI12}.
The degrees and character values on the conjugacy classes listed in Tables A.3–A.8 show
CI (H) = I and hence |CI (H)| = |I |.
In each of the following cases, we have that the action of α on I is given by xα = 2x for all
x ∈ I using the character values on the classes listed in the last column of Tables A.4–A.8.
Let I = GI9 ∪ GI17. If x = {k,−k} ∈ I , then x ∈ CI (H) if and only if (2t − 1)k ≡ 0 or
(2t + 1)k ≡ 0. Let
C± :=
{{k,−k} ∈ CI (H) ∣∣ (2t ± 1)k ≡ 0},
so that CI (H) = C− ∪C+ and C− ∩C+ = ∅. We claim
C− =
{
{k,−k} ∈ GI9
∣∣∣ k is a multiple of q − 12δt − 1
}
.
The inclusion ⊇ is clear. Let x = {k,−k} ∈ C−. If x ∈ GI17, then (2t − 1)k ≡ 0 mod q + 1 and
Lemma 3.2(ii) implies k ≡ 0, which is impossible. Hence x ∈ GI9 and (2t − 1)k ≡ 0 mod q − 1.
By Lemma 3.2(i), k is a multiple of (q − 1)/(2δt − 1), proving the claim. Now we consider C+.
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clusion ⊇ is clear. Let x = {k,−k} ∈ C+. If x ∈ GI17, then (2t + 1)k ≡ 0 mod q + 1 and
Lemma 3.2(vi) implies k ≡ 0, which is impossible. Hence x ∈ GI9 and (2t + 1)k ≡ 0 mod q − 1.
By Lemma 3.2(v), k is a multiple of (q − 1)/(2δt + 1) and the claim holds.
If 2δt  n, we claim C+ = {{k,−k} ∈ GI17 | k is a multiple of (q+1)/(2δt +1)}. The inclusion
⊇ is clear. Let x = {k,−k} ∈ C+. If x ∈ GI9, then (2t +1)k ≡ 0 mod q−1 and Lemma 3.2(v) im-
plies k ≡ 0, which is impossible. Hence x ∈ GI17 and (2t +1)k ≡ 0 mod q+1. By Lemma 3.2(vi),
k is a multiple of (q + 1)/(2δt + 1) and the claim holds.
Thus in all cases, |CI (H)| = |C−| + |C+| = 2δt−22 + 2
δt
2 = 2δt − 1.
Let I ∈ {GI11 ∪ GI14 ∪ GI20 ∪ GI23,GI12 ∪ GI15 ∪ GI21 ∪ GI24}. Then GI11 ∪ GI14 ∪ GI20 ∪
GI23 and GI12 ∪ GI15 ∪ GI21 ∪ GI24 are isomorphic H -sets, so that we can assume I = GI11 ∪
GI14 ∪ GI20 ∪ GI23. Define J := {{k,−k} | k ∈ Zq3−1}\{0} and J ′ := {{k,−k} | k ∈ Zq3+1}\{0}.
The sets J and J ′ become H -sets by xα := 2x for all x ∈ J,J ′. By construction and the definition
of character parameter groups, GI14  {{k,−k} ∈ J | q − 1  k} as H -sets. Furthermore, mapping
{m,−m} → {(q − 1) ·m,−(q − 1) ·m} defines an isomorphism of H -sets GI11  {{k,−k} ∈ J |
q − 1 | k}. Hence, J  GI11 ∪ GI14 as H -sets. Similarly, J ′  GI20 ∪ GI23 as H -sets, and finally
I  J ∪ J ′ (disjoint union) as H -sets, so that we can identify I = J ∪ J ′.
If x = {k,−k} ∈ I , then x ∈ CI (H) if and only if (2t − 1)k ≡ 0 or (2t + 1)k ≡ 0. Let
C± :=
{{k,−k} ∈ CI (H) ∣∣ (2t ± 1)k ≡ 0},
so that CI (H) = C− ∪C+ and C− ∩C+ = ∅. We claim
C− =
{
{k,−k} ∈ J
∣∣∣ k is a multiple of q3 − 12t − 1
}
.
The inclusion ⊇ is clear. Let x = {k,−k} ∈ C−. If x ∈ J ′, then (2t − 1)k ≡ 0 mod q3 + 1 and
Lemma 3.2(iv) implies k ≡ 0, which is impossible. Hence x ∈ J and (2t − 1)k ≡ 0 mod q3 − 1.
By Lemma 3.2(iii), k is a multiple of (q3 −1)/(2t −1), proving the claim. Next, we consider C+.
If 2δt | n, we claim C+ = {{k,−k} ∈ J | k is a multiple of (q3 −1)/(2t +1)}. The inclusion ⊇
is clear. Let x = {k,−k} ∈ C+. If x ∈ J ′, then (2t +1)k ≡ 0 mod q3 +1 and Lemma 3.2(viii) im-
plies k ≡ 0, which is impossible. Hence x ∈ J and (2t +1)k ≡ 0 mod q3 −1. By Lemma 3.2(vii),
k is a multiple of (q3 − 1)/(2t + 1) and the claim holds.
If 2δt  n, we claim C+ = {{k,−k} ∈ J ′ | k is a multiple of (q3 + 1)/(2t + 1)}. The in-
clusion ⊇ is clear. Let x = {k,−k} ∈ C+. If x ∈ J , then (2t + 1)k ≡ 0 mod q3 − 1 and
Lemma 3.2(vii) implies k ≡ 0, which is impossible. Hence x ∈ J ′ and (2t + 1)k ≡ 0 mod q3 + 1.
By Lemma 3.2(viii), k is a multiple of (q3 + 1)/(2t + 1) and the claim holds.
Thus in all cases, |CI (H)| = |C−| + |C+| = 2t−22 + 2
t
2 = 2t − 1.
Let I = BI1. If (k, l) ∈ I , then (k, l) ∈ CI (H) if and only if (2t −1)k ≡ 0 mod q3 −1 and (2t −
1)l ≡ 0 mod q − 1. By Lemma 3.2(i) and (iii), this is equivalent with (2t − 1)k ≡ 0 mod q3 − 1
and (2δt − 1)l ≡ 0 mod q − 1. Hence
CI (H) =
{
(k, l) ∈ I
∣∣∣ k is a multiple of q3 − 12t − 1 and l is a multiple of q − 12δt − 1
}
and |CI (H)| = (2t − 1)(2δt − 1).
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0 mod q − 1. By Lemma 3.2(i), this is equivalent with (2δt − 1)k ≡ 0 mod q − 1. So we get
CI (H) = {k ∈ I | k is a multiple of (q − 1)/(2δt − 1)} and |CI (H)| = 2δt − 1.
Let I ∈ {BI3, BI15, PI5,QI1,QI2}. If k ∈ I , then k ∈ CI (H) if and only if (2t − 1)k ≡
0 mod q3 − 1. So we get CI (H) = {k ∈ I | k is a multiple of (q3 − 1)/(2t − 1)} and |CI (H)| =
2t − 1.
Let I = PI3 ∪ PI4. First, we compute |CPI3(H)|. Let
Ui :=
{ {{(k, l), (−k, k + l)} ∈ C
PI3(H) | 2t k ≡ k, 2t l ≡ l} if i = 1,
{{(k, l), (−k, k + l)} ∈ C
PI3(H) | 2t k ≡ −k, 2t l ≡ k + l} if i = 2.
If x = {(k, l), (−k, k + l)} ∈ PI3, then x ∈ U1 if and only if (2t − 1)k ≡ 0 mod q3 − 1 and (2t −
1)l ≡ 0 mod q − 1. By Lemma 3.2(i) and (iii), this is equivalent with (2t − 1)k ≡ 0 mod q3 − 1
and (2δt − 1)l ≡ 0 mod q − 1. Hence
U1 =
{{
(k, l), (−k, k + l)} ∈ PI3 ∣∣∣ q3 − 12t − 1 ∣∣ k and q − 12δt − 1 ∣∣ l
}
and |U1| = (2t − 2)(2δt − 1)/2.
Suppose 2δt | n. If x = {(k, l), (−k, k + l)} ∈ PI3, then x ∈ U2 if and only if (2t + 1)k ≡
0 mod q3 − 1 and (2t − 1)l ≡ k mod q − 1. Since 2δt | n we have 2t | 3n, and hence, by
Lemma 3.2(i) and (vii), (q − 1)/(2δt − 1), (q3 − 1)/(2t + 1), (q3 − 1)/(22t − 1) ∈ Z. We claim
U2 =
{{
(k, l), (−k, k + l)} ∈ PI3 ∣∣∣ there exists m ∈ Z such that
k = q
3 − 1
2t + 1 ·m and l ≡
q3 − 1
22t − 1 ·m mod
q − 1
2δt − 1
}
.
The inclusion ⊇ is clear. Suppose x = {(k, l), (−k, k + l)} ∈ U2. Then (2t + 1)k ≡ 0 mod q3 − 1
and Lemma 3.2(vii) imply that there exists m ∈ Z such that k = m · (q3 − 1)/(2t + 1). Because
(2t − 1)l ≡ k mod q − 1 there exists z ∈ Z such that (2t − 1)l = m(q3 − 1)/(2t + 1)+ z · (q − 1).
Thus
l = q
3 − 1
22t − 1 ·m+
z
c
· q − 1
2δt − 1
with c := 2t−12δt−1 ∈ Z. Since zc · q−12δt−1 ∈ Z and gcd(c, q−12δt−1 ) = 1 by Lemma 3.2(i), we conclude
(z/c) ∈ Z, proving the claim. Hence |U2| = 2t (2δt − 1)/2.
Suppose 2δt  n. If {(k, l), (−k, k + l)} ∈ U2, then (2t + 1)k ≡ 0 mod q3 − 1. By Lem-
ma 3.2(vii), we have k ≡ 0 mod q3 − 1, a contradiction to the definition of PI3. Hence, U2 = ∅.
So ∣∣C
PI3(H)
∣∣= |U1| + |U2| = { (2t − 1)(2δt − 1) if 2δt | n,
(2t − 2)(2δt − 1)/2 if 2δt  n.
Next we calculate |C
PI4(H)|. If x = {k, q3k} ∈ PI4, then x ∈ CPI4(H) if and only if (2t −1)k ≡ 0
or (2t − q3)k ≡ 0 mod (q3 + 1)(q − 1). Suppose (2t − 1)k ≡ 0. By Lemma 3.2(i) and (iv), it
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0 mod (q3 + 1)(q − 1) and so (q3+1)(q−1)2δt−1 | k. But then (q3 + 1) | k, a contradiction to the
definition of PI4. So we have proved that x ∈ CPI4(H) if and only if (2t − q3)k ≡ 0 mod (q3 +
1)(q − 1).
Suppose 2δt | n. If {k, q3k} ∈ C
PI4(H), then (2t − q3)k ≡ 0 mod (q3 + 1)(q − 1). Thus
(2t − 1)k ≡ 0 mod q − 1 and (2t + 1)k ≡ 0 mod (q3 + 1). By Lemma 3.2(i) and (viii), we get
q−1
2δt−1 | k, and (q3+1) | k, a contradiction to the definition of PI4. Hence in this case CPI4(H) = ∅.
Suppose 2δt  n. We claim
C
PI4(H) =
{{
k, q3k
} ∈ PI4 ∣∣∣ k is a multiple of (q3 + 1)(q − 1)
(2t + 1)(2δt − 1)
}
.
Let k = (q3+1)(q−1)
(2t+1)(2δt−1) · m for some m ∈ Z. Because t | 3n and 2δt  n we have 2t | 3n − t . Since
(2t +1)(2δt −1) is a divisor of (2t −1)(2t +1) = 22t −1 we then get (2t +1)(2δt −1) | 23n−t −1.
Thus (23n−t − 1)k = 23n−t−1
(2t+1)(2δt−1) (q
3 + 1)(q − 1) ·m ≡ 0 mod (q3 + 1)(q − 1). So (2t − q3)k ≡
0 mod (q3 + 1)(q − 1) and {k, q3k} ∈ C
PI4(H).
Conversely, suppose {k, q3k} ∈ C
PI4(H). Then (2t − q3)k ≡ 0 mod (q3 + 1)(q − 1). Hence
(2t + 1)k ≡ 0 mod q3 + 1 and (2t − 1)k ≡ 0 mod q − 1. By Lemma 3.2(i) and (viii), this is
equivalent with (2t + 1)k ≡ 0 mod q3 + 1 and (2δt − 1)k ≡ 0 mod q − 1. So q3+12t+1 | k and
q−1
2δt−1 | k. Since q
3+1
2t+1 | q3 + 1 and q−12δt−1 | q3 − 1 and since gcd(q3 + 1, q3 − 1) = 1, we have
gcd( q
3+1
2t+1 ,
q−1
2δt−1 ) = 1. Therefore (q
3+1)(q−1)
(2t+1)(2δt−1) | k, and the claim holds. So by the definition of PI4,
we get |C
PI4(H)| = 2t (2δt − 1)/2.
So in both cases, |CI (H)| = |CPI3(H)| + |CPI4(H)| = (2t − 1)(2δt − 1).
Let I = PI17 ∪ PI18. Then PI17(q)  GI9(q3) and PI18(q)  GI17(q3) as H -sets. Thus∣∣CI (H)∣∣= ∣∣CPI17(q)∪ PI18(q)(H)∣∣= ∣∣CGI9(q3)∪ GI17(q3)(H)∣∣= 2t − 1.
Let I = QI3 ∪ QI4. First, we compute |CQI3(H)|. Let
Ui :=
{ {{(k, l), (k + φ3l,−l)} ∈ CQI3(H) | 2t k ≡ k, 2t l ≡ l} if i = 1,
{{(k, l), (k + φ3l,−l)} ∈ CQI3(H) | 2t k ≡ k + φ3l, 2t l ≡ −l} if i = 2.
If x = {(k, l), (k+φ3l,−l)} ∈ QI3, then x ∈ U1 if and only if (2t −1)k ≡ 0 mod q3 −1 and (2t −
1)l ≡ 0 mod q − 1. By Lemma 3.2(i) and (iii), this is equivalent with (2t − 1)k ≡ 0 mod q3 − 1
and (2δt − 1)l ≡ 0 mod q − 1. Hence
U1 =
{{
(k, l), (k + φ3l,−l)
} ∈ QI3 ∣∣∣ q3 − 12t − 1 ∣∣ k and q − 12δt − 1 ∣∣ l
}
and |U1| = (2t − 1)(2δt − 2)/2.
Suppose 2δt | n. If x = {(k, l), (k+φ3l,−l)} ∈ QI3, then x ∈ U2 if and only if (2t −1)k ≡ φ3l
mod q3 − 1 and (2t + 1)l ≡ 0 mod q − 1. We have (2δt + 1)(2t − 1) | (2t + 1)(2t − 1) = 22t − 1
which is a divisor of 23n − 1 = q3 − 1 because 2t | 3n. Together with Lemma 3.2(iii) and (v) this
implies q−1δt , q
3−1
δt t ,
q3−1
t ∈ Z. We claim2 +1 (2 +1)(2 −1) 2 −1
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{{
(k, l), (k + φ3l,−l)
} ∈ QI3 ∣∣∣ ∃m ∈ Z such that
l = q − 1
2δt + 1 ·m and k ≡
q3 − 1
(2δt + 1)(2t − 1) ·m mod
q3 − 1
2t − 1
}
.
The inclusion ⊇ is clear. Suppose x = {(k, l), (k+φ3l,−l)} ∈ U2. Then (2t + 1)l ≡ 0 mod q − 1
and Lemma 3.2(v) imply that there exists m ∈ Z such that l = m · (q − 1)/(2δt + 1). Because
(2t − 1)k ≡ φ3l mod q3 − 1 there exists z ∈ Z such that (2t − 1)k = mφ3(q − 1)/(2δt + 1)+ z ·
(q3 − 1). Thus
k = q
3 − 1
(2δt + 1)(2t − 1) ·m+ z ·
q3 − 1
2t − 1 .
This proves the claim and shows |U2| = 2δt (2t − 1)/2.
Suppose 2δt  n. If {(k, l), (k + φ3l,−l)} ∈ U2, then (2t + 1)l ≡ 0 mod q − 1. By Lem-
ma 3.2(v), we have l ≡ 0 mod q − 1, a contradiction to the definition of QI3. Hence U2 = ∅.
So ∣∣C
QI3(H)
∣∣= |U1| + |U2| = { (2t − 1)(2δt − 1) if 2δt | n,
(2t − 1)(2δt − 2)/2 if 2δt  n.
Next we calculate |C
QI4(H)|. If x = {k, q3k} ∈ QI4, then x ∈ CQI4(H) if and only if (2t −1)k ≡ 0
or (2t − q3)k ≡ 0 mod (q3 − 1)(q + 1). Suppose (2t − 1)k ≡ 0. By Lemma 3.2(iii), we have
(q3−1)(q+1)
2t−1 | k and so q + 1 | k, a contradiction to the definition of QI4. So x ∈ CQI4(H) if and
only if (2t − q3)k ≡ 0 mod (q3 − 1)(q + 1).
Suppose 2δt | n. If {k, q3k} ∈ C
QI4(H), then (2t − q3)k ≡ 0 mod (q3 − 1)(q + 1). Thus
(2t − 1)k ≡ 0 mod q3 − 1 and (2t + 1)k ≡ 0 mod q + 1. By Lemma 3.2(iii) and (vi), this is
equivalent with (2t − 1)k ≡ 0 mod q3 − 1 and k ≡ 0 mod q + 1. Then we have q3−12t−1 | k and
q + 1 | k, contradicting the definition of QI4. Hence in this case, CQI4(H) = ∅.
Suppose 2δt  n. We claim
C
QI4(H) =
{{
k, q3k
} ∈ QI4 ∣∣∣ k is a multiple of (q3 − 1)(q + 1)
(2δt + 1)(2t − 1)
}
.
Let k = (q3−1)(q+1)
(2δt+1)(2t−1) · m for some m ∈ Z. Because t | 3n and 2δt  n we have 2t | 3n − t . Since
(2δt +1)(2t −1) is a divisor of (2t +1)(2t −1) = 22t −1 we then get (2δt +1)(2t −1) | 23n−t −1.
Thus (23n−t −1)k = 23n−t−1
(2δt+1)(2t−1) (q
3 −1)(q+1) ·m ≡ 0 mod (q3 −1)(q+1). So (2t −q3)k ≡ 0
mod (q3 − 1)(q + 1) and {k, q3k} ∈ C
QI4(H).
Conversely, suppose {k, q3k} ∈ C
QI4(H). Then (2t − q3)k ≡ 0 mod (q3 − 1)(q + 1). Hence
(2t − 1)k ≡ 0 mod q3 − 1 and (2t + 1)k ≡ 0 mod q + 1. Lemma 3.2(iii) and (vi) imply q3−12t−1 | k
and q+12δt+1 | k. Since q
3−1
2t−1 | q3 − 1 and q+12δt+1 | q3 + 1 and since gcd(q3 − 1, q3 + 1) = 1, we have
gcd( q
3−1
2t−1 ,
q+1
2δt+1 ) = 1. Therefore (q
3−1)(q+1)
(2t−1)(pδt+1) | k, proving the claim. So by the definition of QI4
we get |C
QI4(H)| = 2δt (2t − 1)/2.
So we get in both cases |CI (H)| = |CQI3(H)| + |CQI4(H)| = (2t − 1)(2δt − 1). 
812 F. Himstedt, S.-c. Huang / Journal of Algebra 316 (2007) 802–827Now, we deal with the regular semisimple irreducible characters of G.
Proposition 4.2. Let t | 3n, I := GI16 ∪ GI19 ∪ GI25 ∪ GI26 ∪ GI27 ∪ GI28 ∪ GI29 and H = 〈αt 〉
a subgroup of O . Then
(a) |CI (H)| is equal to the number of those regular semisimple conjugacy classes of G which
are stabilized by αt .
(b) If t  n (respectively t | n), then |CI (H)| is equal to the number of regular semisimple conju-
gacy classes of 3D4(pt/3) (respectively G2(pt )).
(c) |CI (H)| = pt · pδt − pt − pδt + 1 with δ as in Lemma 3.2.
Proof. The set I parameterizes the regular semisimple irreducible characters of G. We fix some
notation. Let Fq be a finite field with q elements, F an algebraic closure of Fq and G a simple
simply connected algebraic group of Dynkin type D4 defined over F. In the same way as in [12],
Section 1, we choose a graph automorphism γ :G → G of order 3 arising from the symmetry
of the D4 Dynkin diagram and a field automorphism α :G → G obtained from the map F → F,
x → xp . Setting F := αn ◦ γ = γ ◦ αn we get G = 3D4(q) = GF = {g ∈ G | F(g) = g}. Since
the restriction α|G : G → G of α to G generates Out(G) we can assume α|G = α.
For L ∈ {G,G}, let Sreg(L) be the set of all regular semisimple conjugacy classes of L. If ρ
is an endomorphism of L, then let Sreg(L)ρ := {C ∈ Sreg(L) | Cρ = C} be the set of ρ-stable
regular semisimple conjugacy classes of L. Finally, let Irrssreg(G) be the set of regular semisimple
irreducible characters of G.
By Corollary 3.10 of Springer–Steinberg [5, p. 197], the map C → C∩GF is a bijection from
Sreg(G)F onto Sreg(G) and this bijection induces a bijection between the set of regular semisim-
ple conjugacy classes of G fixed by αt and the set of F -stable regular semisimple conjugacy
classes of G fixed by αt . It follows that, since αt raises every element of a maximally split torus
of G to its pt th power, the automorphism αt maps each regular semisimple conjugacy class (g)G
of G to the class (gpt )G. In other words, αt acts on the regular semisimple conjugacy classes of
G like the pt th power map (this does not mean, that αt maps every regular semisimple element
of G to its pt th power).
(a) Since G = 3D4(q) is isomorphic to its dual group (in the sense of [7, Section 4.4, p. 120]),
the number |Sreg(G)αt | of fixed points of αt on Sreg(G) is equal to the number of fixed points of
αt on Irrssreg(G). By definition, the latter equals |CI (H)|.
(b) In this part of the proof, we imitate an argument which is used in the proof of Lemma 4.1
in [4]. As we have seen at the beginning of this proof, there is a bijection from the set of regular
semisimple conjugacy classes of G fixed by αt onto Sreg(G)〈F,αt 〉, the set of fixed points of
Sreg(G) under the action of the group 〈F,αt 〉. So by (a), we have |CI (H)| = |Sreg(G)αt | =
|Sreg(G)〈F,αt 〉|.
Case 1. Suppose t  n, then 〈F,αt 〉 = 〈αn ◦ γ,αt 〉 = 〈α±t/3 ◦ γ,αt 〉 = 〈α±t/3 ◦ γ 〉. Thus
|CI (H)| = |Sreg(G)α±t/3◦γ | = |Sreg(Gα±t/3◦γ )|. Since Gα±t/3◦γ ∼= 3D4(pt/3), we get |CI (H)| =
|Sreg(3D4(pt/3))|, proving (b) in this case.
Case 2. Suppose t | n. By the character table of G2(pt ) in the CHEVIE library, the number of
regular semisimple conjugacy classes of G2(pt ) is p2t − 2pt + 1.
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p2t −2pt +1. As a first step, we reduce to the case t = n. By assumption t | n, so 〈F,αt 〉 = 〈αn ◦
γ,αt 〉 = 〈γ,αt 〉 = 〈αt ◦ γ,αt 〉. Thus |CI (H)| = |Sreg(G)〈F,αt 〉| = |Sreg(G)αt◦γ ∩ Sreg(G)αt | =
|Sreg(3D4(pt ))αt |. From part (a), we know |Sreg(3D4(pt ))αt | = |CI(pt )(H)| and thus |CI (H)| =
|CI(pt )(H)|, i.e., |CI (H)| is equal to the number of fixed points of αt on I (pt ). Hence, in the
following, we can and do assume that t = n.
So we have to show that the number of fixed points of αn on I (pn) = I (q) = I is equal
to p2n − 2pn + 1 = q2 − 2q + 1. By part (a), we know that the number |CI (H)| of fixed
points of αn on I is equal to the number of regular semisimple conjugacy classes of G sta-
bilized by αn. The regular semisimple conjugacy classes of G are parameterized by the sets
J6, J8, J11, J12, J13, J14, J15 in Table A.2 in Appendix A via the representatives given in Ta-
ble A.1 in [16]. The action of αn on the regular semisimple conjugacy classes of G induces an
action on the set J := J6 ∪ J8 ∪ J11 ∪ J12 ∪ J13 ∪ J14 ∪ J15 (disjoint union). Since αn acts on the
regular semisimple conjugacy classes like the qth power map, we can see from the representa-
tives in Table A.1 in [16], that the action of αn on J is given by xαn = qx for all x ∈ J and that
each of the sets Jj (j = 6,8,11,12,13,14,15) is invariant under this action. In particular, we
have |CJ (H)| =∑j∈JG |CJj (H)| where JG := {6,8,11,12,13,14,15}.
Now, we determine the numbers |CJj (H)| of fixed points of αn on Jj by a direct calculation
using the parameter sets in Table A.2.
Suppose J ′ = J6. As we can see from Table A.2, each element of J ′ = J6 is an equivalence
class consisting of 12 vectors and we number these vectors according to their order in Table A.2,
i.e., the vector (i, j) gets the number 1, the vector (−i,−j) gets the number 2, (i, i − j) gets the
number 3, and so on. We will consider the following sets of fixed points:
U1 :=
{{
(i, j), . . .
} ∈ CJ ′(H) ∣∣ qi ≡ i, qj ≡ j},
U2 :=
{{
(i, j), . . .
} ∈ CJ ′(H) ∣∣ qi ≡ −i, qj ≡ −j},
...
U12 :=
{{
(i, j), . . .
} ∈ CJ ′(H) ∣∣ qi ≡ −qφ2i + φ3j, qj ≡ −i + 2j},
where the first congruence is always modulo q3 − 1, the second always modulo q − 1. Then
CJ ′(H) =⋃12m=1 Um. We claim that Um = ∅ for m = 2,3, . . . ,12.
Suppose {(i, j), . . .} ∈ U3 ∪ U10. Then qj ≡ i − j mod q − 1. Hence q − 1 | i − 2j , contra-
dicting the definition of J6. Thus U3 = U10 = ∅.
Suppose {(i, j), . . .} ∈ U8 ∪U12. Then qj ≡ −i + 2j mod q − 1. Hence q − 1 | i − j , contra-
dicting the definition of J6. Thus U8 = U12 = ∅.
Suppose {(i, j), . . .} ∈ U2. Then we have (q + 1)i ≡ 0 mod q3 − 1 and (q + 1)j ≡
0 mod q − 1. By Lemma 3.2(v) and (vii), we have gcd(q + 1, q3 − 1) = gcd(q + 1, q − 1) = 1,
so i ≡ 0 mod q3 − 1 and j ≡ 0 mod q − 1, contradicting the definition of J ′ = J6. Thus U2 = ∅.
Suppose {(i, j), . . .} ∈ U4. Then (q + 1)i ≡ 0 mod q3 − 1 and i + (q − 1)j ≡ 0 mod q − 1.
By Lemma 3.2(vii), we have gcd(q + 1, q3 − 1) = 1, so i ≡ 0 mod q3 − 1, contradicting the
definition of J6. Thus U4 = ∅.
Suppose {(i, j), . . .} ∈ U5. Then (q − 1)i +φ3j ≡ 0 mod q3 − 1 and (q + 1)j ≡ 0 mod q − 1.
By Lemma 3.2(v), we have gcd(q+1, q−1) = 1, so j ≡ 0 mod q−1, contradicting the definition
of J6. Thus, U5 = ∅.
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0 mod q − 1. From [3, Lemma 3.4(a)], we get that there is l ∈ Z with i = φ3l. Thus
(q − 1)φ3l + φ3j ≡ 0 mod q3 − 1. Hence (q − 1)l + j ≡ 0 mod q − 1, and so j ≡ 0 mod q − 1,
contradicting the definition of J6. Thus U6 = ∅.
Suppose {(i, j), . . .} ∈ U7. Then (q + 1)i −φ3j ≡ 0 mod q3 − 1 and (q − 1)j ≡ 0 mod q − 1.
From [3, Lemma 3.4(a)], we get that there is l ∈ Z with i = φ3l. Thus (q + 1)φ3l − φ3j ≡
0 mod q3 − 1. Hence (q + 1)l − j ≡ 0 mod q − 1, and so j ≡ 2l mod q − 1, contradicting the
definition of J6. Thus U7 = ∅.
Suppose {(i, j), . . .} ∈ U9. Then q2i−φ3j ≡ 0 mod q3 −1 and −i+ (q +2)j ≡ 0 mod q −1.
From [3, Lemma 3.4(a)], we get that there is l ∈ Z with i = φ3l. Thus q2φ3l − φ3j ≡
0 mod q3 − 1. Hence q2l − j ≡ 0 mod q − 1, and so j ≡ l mod q − 1, contradicting the de-
finition of J6. Thus U9 = ∅.
Suppose {(i, j), . . .} ∈ U11. Then we have (q2 +2q)i−φ3j ≡ 0 mod q3 −1 and i+(q−1)j ≡
0 mod q − 1. From [3, Lemma 3.4(a)], we get that there is l ∈ Z with i = φ3l. So (q2 + 2q)φ3l −
φ3j ≡ 0 mod φ3(q − 1) and φ3l+ (q − 1)j ≡ 0 mod q − 1. Hence (q2 + 2q)l− j ≡ 0 mod q − 1
and φ3l ≡ 0 mod q − 1. Thus 3l − j ≡ 0 mod q − 1 and 3l ≡ 0 mod q − 1. This implies j ≡
0 mod q − 1, contradicting the definition of J6. Thus U11 = ∅.
So only U1 contributes to the fixed points, i.e., |CJ ′(H)| = |U1|. Since qi ≡ i mod q3 − 1
and qj ≡ j mod q − 1 is equivalent with (q − 1)i ≡ 0 mod q3 − 1 which is equivalent to φ3 | i,
we get |CJ ′(H)| = |{{(i, j), . . .} ∈ J6 | i is a multiple of φ3}|. So we have to compute the number
N of all admissible parameter vectors (i, j) with φ3 | i. By definition of J6, a vector (i, j) ∈
Zq3−1 × Zq−1 is admissible if and only if it does not satisfy any of the following conditions
(i)–(vi):
(i) i ≡ 0 mod q3 − 1,
(ii) j ≡ 0 mod q − 1,
(iii) i ≡ φ3l mod q3 − 1 and j ≡ l mod q − 1 for some l ∈ Z,
(iv) i ≡ φ3l mod q3 − 1 and j ≡ 2l mod q − 1 for some l ∈ Z,
(v) i ≡ j mod q − 1,
(vi) i ≡ 2j mod q − 1.
It is straightforward to calculate the number of all vectors (i, j) ∈ Zq3−1 × Zq−1 with φ3  i
satisfying one of the conditions (i), . . . , (vi), then to calculate the number of vectors satisfying
two of the conditions (i), . . . , (vi) and so on. From these numbers, using the include–exclude
formula, we get the number N ′ of all admissible parameter vectors (i, j) with φ3  i:
N ′ =
{
q4 − 4q3 + q2 + 6q − 4 if q ≡ 1 mod 3,
q4 − 4q3 + q2 + 6q if q ≡ −1 mod 3.
By Table A.2, the number Nad of all admissible parameter vectors is q4 − 4q3 + 2q2 − 2q + 12.
From this, we get the number N = Nad −N ′ of all admissible parameter vectors (i, j) with φ3 | i.
Dividing N by 12, the cardinality of the equivalence classes, we get:
∣∣CJ ′(H)∣∣= N12 =
{
(q−4)2
12 if q ≡ 1 mod 3,
q2−8q+12
12 if q ≡ −1 mod 3.
Suppose J ′ = J15. Analogously to J6, using [3, Lemma 3.4(a)] with m1 = φ6 and m2 = φ2,
we can show, that only the second parameter vector contributes to the fixed points, namely qi ≡
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is also equivalent with φ6 | i. So by computing admissible parameter vectors using the definition
of J ′ = J15 we get
∣∣CJ ′(H)∣∣=
{
q2−4q
12 if q ≡ 1 mod 3,
(q−2)2
12 if q ≡ −1 mod 3.
Suppose J ′ = J8. Let
U±1 :=
{{
i,−i, q3i,−q3i} ∈ CJ ′(H) ∣∣ qi ≡ ±i},
U±2 :=
{{
i,−i, q3i,−q3i} ∈ CJ ′(H) ∣∣ qi ≡ ±q3i},
where the congruences are mod (q3 − 1)(q + 1). Then CJ ′(H) = U1 ∪ U−1 ∪ U2 ∪ U−2. We
claim that U±1 = U−2 = ∅. Suppose {i,−i, q3i,−q3i} ∈ U1. Then (q − 1)i ≡ 0 mod (q3 −
1)(q + 1). Hence φ3(q + 1) | i. In particular, q + 1 | i, contradicting the definition of J8. So
U1 = ∅. Suppose {i,−i, q3i,−q3i} ∈ U−1. Then (q + 1)i ≡ 0 mod (q3 − 1)(q + 1). Hence
q3 − 1 | i, contradicting the definition of J8. So U−1 = ∅. Suppose {i,−i, q3i,−q3i} ∈ U−2.
Then qi ≡ −q3i mod (q3 − 1)(q + 1) and hence q(q2 + 1)i ≡ 0 mod (q3 − 1)(q + 1). Since
q(q2 + 1) | q(q6 + 1) and (q3 − 1)(q + 1) | q6 − 1, we have gcd(q(q2 + 1), (q3 − 1)(q + 1)) = 1
and so i ≡ 0 mod (q3 − 1)(q + 1), contradicting the definition of J8. So U−2 = ∅. Thus only U2
contributes to the fixed points, namely qi ≡ q3i mod (q3 − 1)(q + 1) which is equivalent with
q(q2 − 1)i ≡ 0 mod (q3 − 1)(q + 1). Since gcd(q(q2 − 1), (q3 − 1)(q + 1)) = q2 − 1, this is
equivalent with (q2 − 1)i ≡ 0 mod (q3 − 1)(q + 1), which is equivalent with φ3 | i. So by the
definition of J ′ = J8 we get |CJ ′(H)| = q(q−2)4 .
Suppose J ′ = J11. Analogously to J8, we can show that only the third parameter contributes
to the fixed points, namely qi ≡ q3i mod (q3 + 1)(q − 1) which is equivalent with (q2 − 1)i ≡
0 mod (q3 + 1)(q − 1), which is equivalent with φ6 | i. So by the definition of J ′ = J11 we get
|CJ ′(H)| = q(q−2)4 .
Suppose J ′ = J12. As we can see from Table A.2 each element of J ′ = J12 is an equivalence
class consisting of 24 vectors and we number these vectors according to their order in Table A.2,
i.e., the vector (i, j) gets the number 1, the vector ((2q+1)i−qj,φ2(2i−j)) gets the number 2,
and so on. Let
U1 :=
{{
(i, j), . . .
} ∈ CJ ′(H) ∣∣ qi ≡ i, qj ≡ j},
U2 :=
{{
(i, j), . . .
} ∈ CJ ′(H) ∣∣ qi ≡ (2q + 1)i − qj, qj ≡ φ2(2i − j)},
...
U24 :=
{{
(i, j), . . .
} ∈ CJ ′(H) ∣∣ qi ≡ j − i, qj ≡ j − 2i},
where the congruences are always modulo q2 + q + 1. Then, CJ ′(H) =⋃24m=1 Um.
Suppose {(i, j), . . .} ∈ U1. Then we have (q − 1)i ≡ (q − 1)j ≡ 0 mod q2 + q + 1. We have
gcd
(
(q − 1)2, q2 + q + 1)= {3 if q ≡ 1 mod 3,1 if q ≡ −1 mod 3.
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2+q+1
3 | j , which implies j ≡ 0 or j ≡ i ≡ −2qi or 2i ≡ j or 2i ≡ 0 ≡ (1 − q2)j mod q2 +
q + 1, a contradiction to the definition of J ′ = J12. If q ≡ −1 mod 3, then [3, Lemma 3.4(b)]
(with m1 = 1 and m2 = q2 + q + 1) implies j ≡ 0 mod q2 + q + 1, contradicting the definition
of J ′ = J12. Hence U1 = ∅. Analogously, using [3, Lemma 3.4(b)], it is straightforward to see
that Um = ∅ for all m = 5,7,11,18.
Suppose {(i, j), . . .} ∈ U5. Then qi ≡ i − j and qj ≡ qj mod q2 + q + 1, which is equivalent
with j ≡ (1 − q)i mod q2 + q + 1. Suppose {(i, j), . . .} ∈ U7. Then qi ≡ (2q + 1)i − qj and
qj ≡ 2(q + 1)i − qj mod q2 + q + 1, which is equivalent with (q + 1)i ≡ qj mod q2 + q + 1.
This again is equivalent with j ≡ −qi mod q2 + q + 1. Suppose {(i, j), . . .} ∈ U11. Then qi ≡ i
and qj ≡ qj − 2qi mod q2 + q + 1, which is equivalent with i ≡ 0 mod q2 + q + 1. Suppose
{(i, j), . . .} ∈ U18. Then qi ≡ −i + (q + 1)j and qj ≡ −2i + (q + 2)j mod q2 + q + 1, which is
equivalent with i ≡ j mod q2 + q + 1. So by the definition of J ′ = J12 we get
∣∣CJ ′(H)∣∣=
{ 4(q2+q−2)
24 if q ≡ 1 mod 3,
4(q2+q)
24 if q ≡ −1 mod 3.
Suppose J ′ = J13. As we can see from Table A.2, each element of J is an equivalence class
consisting of 24 vectors which we number from 1 to 24 according to their order in Table A.2. We
define U1, . . . , U24 analogously to the case J ′ = J12. Analogously to the case J ′ = J12, using [3,
Lemma 3.4(b)], it is straightforward to see that Um = ∅ for all m = 6,17,19,23.
Suppose {(i, j), . . .} ∈ U6. Then qi ≡ i + (q − 1)j and qj ≡ 2i + (q − 2)j mod q2 − q + 1,
which is equivalent with i ≡ j mod q2 − q + 1. Suppose {(i, j), . . .} ∈ U17. Then qi ≡ j − i
and qj ≡ qj mod q2 − q + 1, which is equivalent with j ≡ (q + 1)i mod q2 − q + 1. Suppose
{(i, j), . . .} ∈ U19. Then qi ≡ (2q − 1)i − qj and qj ≡ 2(q − 1)i − qj mod q2 − q + 1, which
is equivalent with j ≡ qi mod q2 − q + 1. Suppose {(i, j), . . .} ∈ U23. Then qi ≡ −i and qj ≡
qj − 2qi mod q2 − q + 1, which is equivalent with i ≡ 0 mod q2 − q + 1. So by the definition
of J ′ = J13 we get
∣∣CJ ′(H)∣∣=
{ 4(q2−q)
24 if q ≡ 1 mod 3,
4(q2−q−2)
24 if q ≡ −1 mod 3.
Suppose J ′ = J14. Analogously to J8, we can define U±1 and U±2 and show U±1 = U±2 = ∅
(using the fact that q − 1, q + 1, q(q2 − 1), q(q2 + 1) are relatively prime to q4 − q2 + 1). Hence
|CJ ′(H)| = 0.
So finally, we have
∣∣CI (H)∣∣= ∣∣CJ (H)∣∣= ∑
j∈JG
∣∣CJj (H)∣∣= q2 − 2q + 1 = p2t − 2pt + 1,
where JG := {6,8,11,12,13,14,15}.
(c) From the character tables of 3D4(pt/3) and G2(pt ) in the CHEVIE library we get that if
t  n (respectively t | n), then the number of regular semisimple conjugacy classes of 3D4(pt/3)
(respectively G2(pt )) is equal to p4t/3 − pt − pt/3 + 1 (respectively p2t − 2pt + 1). 
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QI10 ∪QI13), (GI13 ∪GI22, PI11 ∪PI14), (BI12,QI14), (BI13,QI15), (BI14,QI16)}. Then |CI (H)| =
|CJ (H)|.
Proof. By construction, Pχ8(k) = Bχ6(k)P is induced from the α-stable Borel subgroup B
for all k ∈ BI6 = PI8 (see p. 15 in [16]) and induction of characters induces a bijection from
{Bχ6(k) | k ∈ BI6} onto {Pχ8(k) | k ∈ PI8} mapping Bχ6(k) to Pχ8(k). We have Pχ8(kα) =
Pχ8(k)
α = (Bχ6(k)P )α = (Bχ6(k)α)P = (Bχ6(kα))P . So the above-mentioned bijection is an
isomorphism of H -sets. Hence, BI6  PI8 as H -sets and |CBI6(H)| = |CPI8(H)|. Analogously,|C
BI12(H)| = |CQI14(H)|, |CBI13(H)| = |CQI15(H)| and |CBI14(H)| = |CQI16(H)| (see the con-
struction of Qχ14(k),Qχ15(k) and Qχ16(k) on p. 18 in [16]).
Let (I, J ) be one of the remaining pairs. Then I = J as sets. Using the character values on
the classes listed in the last column of Table A.5, we know that the action of α on I, J is given
by xα = 2x for all x ∈ I, J . Hence I  J as H -sets. 
5. Dade’s invariant conjecture for 3D4(2n)
In this section, we prove Dade’s invariant conjecture for G = 3D4(2n) in the defining charac-
teristic. As in the previous section, let O = Out(G) = 〈α〉, where α is a field automorphism of
order 3n. We fix a Borel subgroup B and maximal parabolic subgroups P and Q of G containing
B as in [16]. In particular, we may assume that α stabilizes B , P and Q.
By the remarks on p. 152 in [17], G has only two p-blocks, the principal block B0 and
one defect-0-block (corresponding to the Steinberg character). Hence we have to verify Dade’s
conjecture only for the principal block B0.
According to the Borel–Tits theorem [6], the normalizers of radical p-subgroups are parabolic
subgroups. The radical p-chains of G (up to G-conjugacy) are given in Table 1.
Since C5 and C6 have the same normalizers NG(C5) = NG(C6) and NA(C5) = NA(C6), it
follows that
k
(
NG(C5),B0, d,u
)= k(NG(C6),B0, d,u)
for all d ∈ N and u | 3n. Thus the contribution of C5 and C6 in the alternating sum of Dade’s
invariant conjecture is zero. So Dade’s invariant conjecture for G is equivalent to
k(G,B0, d,u)+ k(B,B0, d,u) = k(P,B0, d,u)+ k(Q,B0, d,u) (1)
for all d ∈ N and u | 3n.
Table 1
Radical p-chains of G
C NG(C) NA(C)
C1 {1} G A
C2 {1} <Op(P ) P P  〈α〉
C3 {1} <Op(P ) <Op(B) B B  〈α〉
C4 {1} <Op(Q) Q Q  〈α〉
C5 {1} <Op(Q) <Op(B) B B  〈α〉
C6 {1} <Op(B) B B  〈α〉
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invariant conjecture.
Proof. By the proceeding remarks, we can assume B˜ = B0. Suppose u | 3n and set t := 3nu
and H := 〈αt 〉. Let S ∈ {G,B,P,Q}. By the character tables in [14] and [16], we have
k(S,B0, d,u) = 0 when d /∈ {5n,8n,9n,9n+ 1,11n,12n}.
(i) If d = 5n, then we have k(G,B0, d,u) = |CGI7(H)| = 1 and k(P,B0, d,u) = |CPI16(H)| =
1 as well as k(B,B0, d,u) = k(Q,B0, d,u) = 0 by Tables A.3 and A.9. Thus (1) holds in this
case.
(ii) If d = 8n, then we have k(B,B0, d,u) =∑j∈{15,16} |CBIj (H)| = 2t and k(P,B0, d,u) =∑
j∈{15,17,18} |CPIj (H)| = 2t by Tables A.4 and A.9. Thus (1) holds in this case.
(iii) If d = 9n, then Table A.5 and Proposition 4.3 imply, that (1) holds in this case.
(iv) If d = 9n+ 1, then Table A.6 implies, that (1) is equivalent to∑
j∈JG
∣∣C
GIj (H)
∣∣+ ∑
j∈JB
∣∣C
BIj (H)
∣∣= ∑
j∈JP
∣∣C
PIj (H)
∣∣+ ∑
j∈JQ
∣∣C
QIj (H)
∣∣
with the index sets JG := {3,4,5,6}, JB := {8,9,10,11}, JP := {9,10,12,13} and JQ :=
{8,9,11,12}. By Table A.9, the sums on both sides of the above equation are equal. Thus (1)
also holds in this case.
(v) If d = 11n, then Table A.7 and Proposition 4.3 imply, that (1) is equivalent to∑
j∈JG
∣∣C
GIj (H)
∣∣+ ∣∣C
BI5(H)
∣∣= ∣∣C
PI7(H)
∣∣+ ∣∣C
QI2(H)
∣∣+ ∣∣C
QI7(H)
∣∣
with JG := {2,12,15,21,24}. By Table A.9, we have∑
j∈JG
∣∣C
GIj (H)
∣∣+ ∣∣C
BI5(H)
∣∣= 2t + 2δt − 1 = ∣∣C
PI7(H)
∣∣+ ∣∣C
QI2(H)
∣∣+ ∣∣C
QI7(H)
∣∣
with δ as in Lemma 3.2. Thus (1) also holds in this case.
(vi) If d = 12n, then Table A.8 implies, that (1) is equivalent to∑
j∈JG
∣∣C
GIj (H)
∣∣+ ∑
j∈JB
∣∣C
BIj (H)
∣∣= ∑
j∈JP
∣∣C
PIj (H)
∣∣+ ∑
j∈JQ
∣∣C
QIj (H)
∣∣
with JG := {1,9,11,14,16,17,19,20,23,25,26,27,28,29}, JB := {1,2,3,4}, JP := {1,3,4,
5,6} and JQ := {1,3,4,5,6}. By Table A.8 and Table A.9, we have
k(G,B0, d,u)+ k(B,B0, d,u) =
∑
j∈JG
∣∣C
GIj (H)
∣∣+ ∑
j∈JB
∣∣C
BIj (H)
∣∣= 2t+1 · 2δt
and
k(P,B0, d,u)+ k(Q,B0, d,u) =
∑
j∈JP
∣∣C
PIj (H)
∣∣+ ∑
j∈JQ
∣∣C
QIj (H)
∣∣= 2t+1 · 2δt
with δ as in Lemma 3.2. Thus (1) also holds in this case. 
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In [18], Isaacs, Malle and Navarro reduced the McKay conjecture to a question about finite
simple groups. They showed that every finite group will satisfy the McKay conjecture if every
finite non-abelian simple group is good in the sense of [18, Section 10]. From Table A.9 we can
derive the following theorem:
Theorem 6.1. For every n ∈ N, the group 3D4(2n) is good for the prime 2 in the sense of [18,
Section 10].
Proof. We use the notation of [18, Section 10] and have to show that the conditions (1)–(8)
in [18, Section 10] are satisfied for X := 3D4(2n) and p = 2. Since 3D4(2n) has trivial Schur
multiplier, we only have to consider S := X = 3D4(2n). For θ ∈ Irr(X) we set G(θ) = Aut(X)θ ,
the inertia subgroup of θ in Aut(X). Since the center Z := Z(X) = {1} is trivial this guarantees
that conditions (5)–(7) hold.
Let T := B be our Borel subgroup of 3D4(2n). So we have A = T  〈α〉 in the notation of
[18, Section 10]. So by construction, T satisfies conditions (1) and (2). Let Irr2′(S) and Irr2′(T )
be the set of those irreducible characters of S, T , respectively, whose degree is not divisible by
p = 2. By Table A.8 in Appendix A, Irr2′(S) is parameterized by the set GI1 ∪GI9 ∪GI17 ∪GI11 ∪
GI14 ∪GI20 ∪GI23 ∪GI16 ∪GI19 ∪GI25 ∪GI26 ∪GI27 ∪GI28 ∪GI29 and Irr2′(T ) is parameterized
by the set BI1 ∪ BI2 ∪ BI3 ∪ BI4 (disjoint unions). So Table A.9 implies that Irr2′(S) and Irr2′(T )
are isomorphic A-sets. Hence, there is an A-equivariant bijection ( )∗ : Irr2′(S) → Irr2′(T ) as
in conditions (3) and (4). Since the group of outer automorphisms of 3D4(2n) is cyclic, (8) is
satisfied automatically. 
In particular, the McKay conjecture for p = 2 is true for Steinberg’s triality groups 3D4(2n).
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Appendix A)Table A.1
Parameter sets for the irreducible characters of G, B , P , Q
Parameter set Characters Parameters Equivalence relation Number of characters
GI1 = · · · = GI8 χ1, . . . , χ8 1
GI9 = GI10 χ9(k), χ10(k) k = 0, . . . , q − 2 {k ≡ −k} q−22
k = 0
GI11 = GI12 = GI13 χ11(k), χ12(k), k = 0, . . . , q2 + q {k ≡ −k} q
2+q
2
χ13(k) k = 0
GI14 = GI15 χ14(k), k = 0, . . . , q3 − 2 {k ≡ −k} q
3−q2−q−2
2
χ15(k) q − 1  k ,
k = 0
(continued on next page
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Parameter set Characters Parameters Equivalence relation Number of characters
GI16 χ16(k, l) see the remarks in Section 4
q4−4q3+2q2−2q+12
12
GI17 = GI18 χ17(k), k = 0, . . . , q {k ≡ −k} q2
χ18(k) k = 0
GI19 χ19(k) see the remarks in Section 4
q4−2q
4
GI20 = GI21 = GI22 χ20(k),χ21(k), k = 0, . . . , q2 − q {k ≡ −k} q
2−q
2
χ22(k) k = 0
GI23 = GI24 χ23(k), χ24(k) k = 0, . . . , q3 {k ≡ −k} q
3−q2+q
2
q + 1  k ,
k = 0
GI25 χ25(k) see the remarks in Section 4
q4−2q3
4
GI26 χ26(k, l) see the remarks in Section 4
q4+2q3−q2−2q
24
GI27 χ27(k, l) see the remarks in Section 4
q4−2q3−q2+2q
24
GI28 χ28(k) see the remarks in Section 4
q4−q2
4
GI29 χ29(k, l) see the remarks in Section 4
q4−2q3+2q2−4q
12
BI1 Bχ1(k, l) k = 0, . . . , q3 − 2 (q3 − 1)(q − 1)
l = 0, . . . , q − 2
BI2 Bχ2(k) k = 0, . . . , q − 2 q − 1
BI3 Bχ3(k) k = 0, . . . , q3 − 2 q3 − 1
BI4 Bχ4 1
BI5 Bχ5(k) k = 0, . . . , q − 2 q − 1
BI6 Bχ6(k) k = 1, . . . , q + 1 q + 1
BI7 Bχ7(k) k = 0, . . . , q − 2 q − 1
BI8 = · · · = BI11 Bχ8, . . . , Bχ11 1
BI12 Bχ12(k) k = 0, . . . , q3 − 2 q3 − 1
BI13 Bχ13(k) k = 0, . . . , q2 + q q2 + q + 1
BI14 Bχ14(k) k = 1, . . . , q q
BI15 Bχ15(k) k = 0, . . . , q3 − 2 q3 − 1
BI16 Bχ16 1
PI1 = PI2 Pχ1(k), Pχ2(k) k = 0, . . . , q − 2 q − 1
PI3 Pχ3(k, l) k = 0, . . . , q3 − 2 {(k, l) ≡ (−k, k + l)} (q
3−2)(q−1)
2
l = 0, . . . , q − 2; k = 0
PI4 Pχ4(k) k = 0, . . . , {k ≡ q3k} q
3(q−1)
2
q4 − q3 + q − 2
q3 + 1  k
PI5 Pχ5(k) k = 0, . . . , q3 − 2 q3 − 1
PI6 Pχ6 1
PI7 Pχ7(k) k = 0, . . . , q − 2 q − 1
PI8 Pχ8(k) k = 1, . . . , q + 1 q + 1
PI9 = PI10 Pχ9, Pχ10 1
PI11 Pχ11(k) k = 0, . . . , q2 + q {k ≡ −k} q
2+q
2
k = 0
PI12 = PI13 Pχ12, Pχ13 1
F. Himstedt, S.-c. Huang / Journal of Algebra 316 (2007) 802–827 821Table A.1 (continued)
Parameter set Characters Parameters Equivalence relation Number of characters
PI14 Pχ14(k) k = 0, . . . , q2 − q {k ≡ −k} q
2−q
2
k = 0
PI15 = PI16 Pχ15, Pχ16 1
PI17 Pχ17(k) k = 0, . . . , q3 − 2 {k ≡ −k} q
3−2
2
k = 0
PI18 Pχ18(k) k = 0, . . . , q3; k = 0 {k ≡ −k} q
3
2
QI1 = QI2 Qχ1(k),Qχ2(k) k = 0, . . . , q3 − 2 q3 − 1
QI3 Qχ3(k, l) k = 0, . . . , q3 − 2 {(k, l) ≡ (k + φ3l,−l)} (q
3−1)(q−2)
2
l = 0, . . . , q − 2; l = 0
QI4 Qχ4(k) k = 0, . . . , q4 + q3 − q − 2 {k ≡ q3k} q(q
3−1)
2
q + 1  k
QI5 Qχ5(k) k = 0, . . . , q − 2 q − 1
QI6 = · · · = QI9 Qχ6, . . . ,Qχ9 1
QI10 Qχ10(k) k = 0, . . . , q − 2 {k ≡ −k} q−22
k = 0
QI11 = QI12 Qχ11(k),Qχ12(k) 1
QI13 Qχ13(k) k = 0, . . . , q; k = 0 {k ≡ −k} q2
QI14 Qχ14(k) k = 0, . . . , q3 − 2 q3 − 1
QI15 Qχ15(k) k = 0, . . . , q2 + q q2 + q + 1
QI16 Qχ16(k) k = 1, . . . , q q
For the parameter sets GI16, GI19, GI25, . . . , GI29 see the remarks at the beginning of Section 4.
Table A.2
Parameter sets for the regular semisimple conjugacy classes of G
Param. set Classes Parameters Equivalence relation Number of classes
J6 c6,0(i, j) i = 0, . . . , q3 − 2 {(i, j) ≡ 112 (q4 − 4q3
j = 0, . . . , q − 2 (−i,−j) ≡ +2q2 − 2q
i, j = 0 (i, i − j) ≡ +12)
i = φ3l or (−i,−i + j) ≡
j = l, (i − φ3j,−j) ≡
l = 0, . . . , q − 2 (i − φ3j, i − 2j) ≡
i = φ3l or (−i + φ3j, j) ≡
j = 2l, (−i + φ3j,−i + 2j) ≡
l = 0, . . . , q − 2 (qφ2i − φ3j, i − 2j) ≡
q − 1  i − j , (qφ2i − φ3j, i − j) ≡
q − 1  i − 2j (−qφ2i + φ3j,−i + j) ≡
(−qφ2i + φ3j,−i + 2j)}
J8 c8,0(i) i = 0, . . . , {i ≡ −i ≡ q
4−2q
4
q4 + q3 − q − 2 q3i ≡ −q3i}
q + 1, q3 − 1  i,
J11 c11,0(i) i = 0, . . . , {i ≡ −i ≡ q
4−2q3
4
q4 − q3 + q − 2 q3i ≡ −q3i}
q − 1, q3 + 1  i,
(continued on next page)
822 F. Himstedt, S.-c. Huang / Journal of Algebra 316 (2007) 802–827Table A.2 (continued)
Param. set Classes Parameters Equivalence relation Number of classes
J12 c12,0(i, j) i = 0, . . . , q2 + q {(i, j) ≡ 124 (q4 + 2q3
j = 0, . . . , q2 + q ((2q + 1)i − qj,φ2(2i − j)) ≡ −q2 − 2q)
j = 0,−2qi (qj − (2q + 1)i, (2q + 1)j − 2φ2i) ≡
2i = j, (1 − q2)j (i − φ2j,−2qi − j) ≡
(i − j, qj) ≡
(i − φ2j,2i − (q + 2)j) ≡
((2q + 1)i − qj,2φ2i − qj) ≡
(i,2i − φ2j) ≡
(i − j,φ1j − 2qi) ≡
(φ2j − i, φ2j) ≡
(i, qj − 2qi) ≡
(i − j,2i − j) ≡
(−i,−j) ≡
(qj − (2q + 1)i, φ2(j − 2i)) ≡
((2q + 1)i − qj,2φ2i − (2q + 1)j) ≡
(φ2j − i,2qi + j) ≡
(j − i,−qj) ≡
(φ2j − i, (q + 2)j − 2i) ≡
(qj − (2q + 1)i, qj − 2φ2i) ≡
(−i, φ2j − 2i) ≡
(j − i,2qi − φ1j) ≡
(i − φ2j,−φ2j) ≡
(−i,2qi − qj) ≡
(j − i, j − 2i)}
J13 c13,0(i, j) i = 0, . . . , q2 − q {(i, j) ≡ 124 (q4 − 2q3
j = 0, . . . , q2 − q (qj − (2q − 1)i, φ1(j − 2i)) ≡ −q2 + 2q)
j = 0,2qi ((2q − 1)i − qj,2φ1i − (2q − 1)j) ≡
2i = j, (1 − q2)j (i + φ1j,2qi − j) ≡
(i − j,−qj) ≡
(i + φ1j,2i + (q − 2)j) ≡
(qj − (2q − 1)i, qj − 2φ1i) ≡
(i,2i + φ1j) ≡
(i − j,2qi − φ2j) ≡
(−i − φ1j,−φ1j) ≡
(i,2qi − qj) ≡
(i − j,2i − j) ≡
(−i,−j) ≡
((2q − 1)i − qj,φ1(2i − j)) ≡
(qj − (2q − 1)i, (2q − 1)j − 2φ1i) ≡
(−i − φ1j, j − 2qi) ≡
(j − i, qj) ≡
(−i − φ1j,−2i − (q − 2)j) ≡
((2q − 1)i − qj,2φ1i − qj) ≡
(−i,−2i − φ1j) ≡
(j − i, φ2j − 2qi) ≡
(i + φ1j,φ1j) ≡
(−i, qj − 2qi) ≡
(j − i, j − 2i)}
J14 c14,0(i) i = 0, . . . , q4 − q2 {i ≡ −i ≡ q
4−q2
4
i = 0 q3i ≡ −q3i}
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Param. set Classes Parameters Equivalence relation Number of classes
J15 c15,0(i, j) i = 0, . . . , q3 {(i, j) ≡ (−i,−j) ≡ 112 (q4 − 2q3
j = 0, . . . , q (i, i − j) ≡ +2q2 − 4q)
i, j = 0 (−i,−i + j) ≡
i = φ6l or (i − φ6j,−j) ≡
j = l, (i − φ6j, i − 2j) ≡
l = 0, . . . , q (−i + φ6j, j) ≡
i = φ6l or (−i + φ6j,−i + 2j) ≡
j = 2l, (qφ1i − φ6j, i − 2j) ≡
l = 0, . . . , q (qφ1i − φ6j, i − j) ≡
q + 1  i − j , (−qφ1i + φ6j,−i + j) ≡
q + 1  i − 2j (−qφ1i + φ6j,−i + 2j)}
For the definition of the φi ’s see the beginning of Section 3.
Table A.3
The irreducible characters of the chain normalizers of defect 5n
Group Character Degree Parameter Number Class
G χ7 q7φ12 GI7 1
P Pχ16 q
7φ1 PI16 1
Table A.4
The irreducible characters of the chain normalizers of defect 8n
Group Character Degree Parameter Number Class
B Bχ15(k) q
4φ1 BI15 q3 − 1 c11,0(i)
Bχ16 q
4φ21φ3 BI16 1
P Pχ15 q
4φ1 PI15 1
Pχ17(k) q
4φ1φ2φ6 PI17
1
2 (q
3 − 2) c8,0(i)
Pχ18(k) q
4φ21φ3 PI18
1
2 q
3 c11,0(i)
Table A.5
The irreducible characters of the chain normalizers of defect 9n
Group Character Degree Parameter Number Class
G χ10(k) q3φ2φ3φ6φ12 GI10
1
2 (q − 2) c11,0(i)
χ13(k) q3φ2φ26φ12 GI13
1
2 q(q + 1) c5,0(i)
χ18(k) q3φ1φ3φ6φ12 GI18
1
2 q c10,0(i)
χ22(k) q3φ1φ23φ12 GI22
1
2 q(q − 1) c11,0(i)
B Bχ7(k) q
3φ1φ3 BI7 q − 1 c8,0(i)
Bχ12(k) q
3φ1 BI12 q3 − 1 c10,0(i)
Bχ13(k) q
3φ21 BI13 q
2 + q + 1 c5,0(i)
Bχ14(k) q
3φ21φ3 BI14 q
P Pχ2(k) q
3
PI2 q − 1 c5,0(i)
Pχ11(k) q
3φ21φ2φ6 PI11
1
2 (q
2 + q) c6,0(i)
Pχ14(k) q
3φ21φ2φ3 PI14
1
2 (q
2 − q) c10,0(i)
(continued on next page)
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Group Character Degree Parameter Number Class
Q Qχ10(k) q
3φ1φ2φ3 QI10
1
2 (q − 2) c5,0(i)
Qχ13(k) q
3φ21φ3 QI13
1
2 q c10,0(i)
Qχ14(k) q
3φ1φ2 QI14 q3 − 1 c8,0(i)
Qχ15(k) q
3φ21φ2 QI15 q
2 + q + 1 c6,0(i)
Qχ16(k) q
3φ21φ2φ3 QI16 q
Table A.6
The irreducible characters of the chain normalizers of defect 9n+ 1
Group Character Degree Parameter Number Class
G χ3
1
2 q
3φ22φ12 GI3 1
χ4
1
2 q
3φ22φ
2
6 GI4 1
χ5
1
2 q
3φ21φ
2
3 GI5 1
χ6
1
2 q
3φ21φ12 GI6 1
B Bχ8
1
2 q
3φ21φ3 BI8 1 c1,10, c1,12
Bχ9
1
2 q
3φ21φ3 BI9 1 c1,10, c1,12
Bχ10
1
2 q
3φ21φ3 BI10 1 c1,10, c1,12
Bχ11
1
2 q
3φ21φ3 BI11 1 c1,10, c1,12
P Pχ9
1
2 q
3φ21φ2φ6 PI9 1 c1,6
Pχ10
1
2 q
3φ21φ2φ6 PI10 1 c1,6
Pχ12
1
2 q
3φ21φ2φ3 PI12 1 c1,6
Pχ13
1
2 q
3φ21φ2φ3 PI13 1 c1,6
Q Qχ8
1
2 q
3φ1φ2φ3 QI8 1 c1,7
Qχ9
1
2 q
3φ1φ2φ3 QI9 1 c1,7
Qχ11
1
2 q
3φ21φ3 QI11 1 c1,7
Qχ12
1
2 q
3φ21φ3 QI12 1 c1,7
Table A.7
The irreducible characters of the chain normalizers of defect 11n
Group Character Degree Parameter Number Class
G χ2 qφ12 GI2 1
χ12(k) qφ
2
2φ
2
6φ12 GI12
1
2 q(q + 1) c5,0(i)
χ15(k) qφ2φ3φ26φ12 GI15
1
2 (q
3 − q2 − q − 2) c8,0(i)
χ21(k) qφ
2
1φ
2
3φ12 GI21
1
2 q(q − 1) c10,0(i)
χ24(k) qφ1φ
2
3φ6φ12 GI24
1
2 (q
3 − q2 + q) c11,0(i)
B Bχ5(k) qφ1φ3 BI5 q − 1 c7,0(i)
Bχ6(k) qφ
2
1φ3 BI6 q + 1 c1,15(a′)
P Pχ7(k) qφ1φ2φ3φ6 PI7 q − 1 c5,0(i)
Pχ8(k) qφ
2
1φ2φ3φ6 PI8 q + 1 c1,9(a′)
Q Qχ2(k) q QI2 q
3 − 1 c8,0(i)
Qχ7 qφ
2
1φ2φ3 QI7 1
F. Himstedt, S.-c. Huang / Journal of Algebra 316 (2007) 802–827 825Table A.8
The irreducible characters of the chain normalizers of defect 12n
Group Character Degree Parameter Number Class
G χ1 1 GI1 1
χ9(k) φ2φ3φ6φ12 GI9
1
2 (q − 2) c5,0(i)
χ11(k) φ2φ
2
6φ12 GI11
1
2 q(q + 1) c8,0(i)
χ14(k) φ2φ3φ26φ12 GI14
1
2 (q
3 − q2 − q − 2) c8,0(i)
χ16(k, l) φ22φ3φ
2
6φ12 GI16
1
12 (q − 2)(q3 − 2q2 − 2q − 6) c6,0(i, j)
χ17(k) φ1φ3φ6φ12 GI17
1
2 q c8,0(i)
χ19(k) φ1φ2φ3φ26φ12 GI19
1
4 q(q
3 − 2) c8,0(i)
χ20(k) φ1φ23φ12 GI20
1
2 q(q − 1) c10,0(i)
χ23(k) φ1φ23φ6φ12 GI23
1
2 q(q
2 − q + 1) c11,0(i)
χ25(k) φ1φ2φ23φ6φ12 GI25
1
4 q
3(q − 2) c11,0(i)
χ26(k, l) φ21φ
2
2φ
2
6φ12 GI26
1
24 q(q − 1)(q + 2)(q + 1) c12,0(i, j)
χ27(k, l) φ
2
1φ
2
2φ
2
3φ12 GI27
1
24 q(q − 1)(q − 2)(q + 1) c13,0(i, j)
χ28(k) φ21φ
2
2φ
2
3φ
2
6 GI28
1
4 q
2(q − 1)(q + 1) c14,0(i)
χ29(k, l) φ21φ
2
3φ6φ12 GI29
1
12 (q − 2)(q3 + 2q) c15,0(i, j)
B Bχ1(k, l) 1 BI1 (q3 − 1)(q − 1) c12,0(i, j)
Bχ2(k) φ1φ3 BI2 q − 1 c6,0(i)
Bχ3(k) φ1 BI3 q
3 − 1 c9,0(i)
Bχ4 φ
2
1φ3 BI4 1
P Pχ1(k) 1 PI1 q − 1 c5,0(i)
Pχ3(k, l) φ2φ6 PI3
1
2 (q − 1)(q3 − 2) c9,0(i, j)
Pχ4(k) φ1φ3 PI4
1
2 q
3(q − 1) c12,0(i)
Pχ5(k) φ1φ2φ6 PI5 q
3 − 1 c7,0(i)
Pχ6 φ
2
1φ2φ3φ6 PI6 1
Q Qχ1(k) 1 QI1 q3 − 1 c8,0(i)
Qχ3(k, l) φ2 QI3
1
2 (q
3 − 1)(q − 2) c9,0(i, j)
Qχ4(k) φ1 QI4
1
2 q(q
3 − 1) c11,0(i)
Qχ5(k) φ1φ2φ3 QI5 q − 1 c4,0(i)
Qχ6 φ
2
1φ2φ3 QI6 1
Table A.9
Number of fixed points of H = 〈αt 〉 on parameter sets of the irreducible characters. The unions of parameter sets in this
table are disjoint unions
Parameter set I Number of fixed points |CI (H)|
if t | n if t  n
GI1 1 1
GI2 1 1
GI3 ∪ GI4 ∪ GI5 ∪ GI6 4 4
GI7 1 1
GI9 ∪ GI17 2t − 1 2t/3 − 1
GI11 ∪ GI14 ∪ GI20 ∪ GI23 2t − 1 2t − 1
GI12 ∪ GI15 ∪ GI21 ∪ GI24 2t − 1 2t − 1
(continued on next page)
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Parameter set I Number of fixed points |CI (H)|
if t | n if t  n
GI16 ∪ GI19 ∪ GI25 ∪ GI26 ∪ GI27 ∪ GI28 ∪ GI29 22t − 2t+1 + 1 24t/3 − 2t − 2t/3 + 1
BI1 (2t − 1)2 (2t − 1)(2t/3 − 1)
BI2 2t − 1 2t/3 − 1
BI3 2t − 1 2t − 1
BI4 1 1
BI5 2t − 1 2t/3 − 1
BI8 ∪ BI9 ∪ BI10 ∪ BI11 4 4
BI15 2t − 1 2t − 1
BI16 1 1
PI1 2t − 1 2t/3 − 1
PI3 ∪ PI4 (2t − 1)2 (2t − 1)(2t/3 − 1)
PI5 2t − 1 2t − 1
PI6 1 1
PI7 2t − 1 2t/3 − 1
PI9 ∪ PI10 ∪ PI12 ∪ PI13 4 4
PI15 1 1
PI16 1 1
PI17 ∪ PI18 2t − 1 2t − 1
QI1 2t − 1 2t − 1
QI2 2t − 1 2t − 1
QI3 ∪ QI4 (2t − 1)2 (2t − 1)(2t/3 − 1)
QI5 2t − 1 2t/3 − 1
QI6 1 1
QI7 1 1
QI8 ∪ QI9 ∪ QI11 ∪ QI12 4 4References
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